A central aspect of the cosmological constant problem is to understand why vacuum energy does not gravitate. In order to account for this observation, while allowing for nontrivial dynamics of the quantum vacuum, we motivate a novel background independent theory of gravity. The theory is an extension of unimodular gravity that is described in geometric terms by means of a conformal (lightcone) structure and differential forms of degree one and two. We show that the subset of the classical field equations describing the dynamics of matter degrees of freedom and the conformal structure of spacetime are equivalent to that of unimodular gravity. The sector with vanishing matter fields and flat conformal structure is governed by the field equations of BF theory and contains topological invariants that are influenced by quantum vacuum fluctuations. Perturbative deviations from this sector lead to classical solutions that necessarily display relatively small values of the cosmological constant with respect to the would-be contribution of quantum vacuum fluctuations. This feature that goes beyond general relativity (and unimodular gravity) offers an interpretation of the smallness of the currently observed cosmological constant.
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I. INTRODUCTION
The conformal structure of spacetime plays an essential role in the theory of general relativity. Light cones determine the causality of propagating particles and fields in any local region of spacetime. This notion of causality is also dynamical, being itself affected by matter fields. In general relativity, this geometric causal structure is embedded into the notion of a (pseudo-)Riemannian manifold by means of the introduction of a nowherevanishing differential 4-form (the Riemannian volume form) which, together with the causal structure, determines the spacetime metric [1] , whose dynamics is dictated by the Einstein-Hilbert action.
Not only is this conformal structure arguably more fundamental, but it has been pointed out that it is this embedding in a pseudo-Riemannian formalism the one behind the renormalization of the value of the cosmological constant in general relativity (and therefore behind one of the aspects of the cosmological constant problem). In this context, in unimodular gravity (e.g., [2] [3] [4] [5] [6] [7] [8] [9] [10] ) the gravitational degrees of freedom are described by the conformal structure only, with an auxiliary nondynamical volume form. The field equations of unimodular gravity are invariant under constant shifts of the matter Lagrangian [11] [12] [13] [14] , and the effective cosmological constant is stable under radiative corrections [15] [16] [17] . The mechanism that guarantees the radiative stability of the cosmological constant can be traced back to the nondynamical character of the volume form. Hence, one may think that any attempt of going beyond unimodular gravity to constructing a background independent theory would not preserve the radiative stability of the cosmological constant. This paper is devoted to the analysis of this issue (see also the related works [18] [19] [20] [21] ).
Our aim here is to extend unimodular gravity to a background independent theory that still enjoys its main properties. The first question to be considered is whether it is possible to give dynamics to the nondynamical differential form in unimodular gravity so that the resulting dynamics is not equivalent to the one dictated by the Einstein-Hilbert action. To follow this path one would need a dynamical theory of differential forms that does not require a metric structure for its formulation, namely a topological field theory. One of the best known theories in this category is the so-called BF theory, described below. In this paper, we combine unimodular gravity and BF theory in order to construct a background independent theory and analyze its main properties, paying particular attention to the cosmological constant problem.
II. THE SPACETIME ACTION

A. Constructing the action
Let us start with a brief review of the relevant properties of BF theory [22] [23] [24] [25] [26] [27] [28] [29] , a topological field theory formulated on the principal bundle of a group G over the spacetime manifold M . In this principal bundle we can define a connection A and the corresponding curvature, a 2-form F . To construct the action let us define a 2-form B taking values in the adjoint representation of G, hence displaying both spacetime and group indices. If the Lie algebra of the group G is semisimple, the Killing form is nondegenerate and it can be used as an internal metric tensor in order to raise and lower group indices and to construct invariants with respect to the action of the group. In the following, tr(•) will denote the trace operation on these internal indices.
With these differential forms we can construct two spacetime 4-forms (we will be always working in D = 4 dimensions), namely tr(B ∧ B) and tr(B ∧ F ), and the action of BF theory:
The first term plays the role of a kinetic term, while the second one is a potential term. The idea we pursue here is to couple the differential forms in BF theory to the conformal structure of spacetime and matter fields in order to construct a background independent action. In order to to so, let us notice that the space of conformal structures is isomorphic to the space of tensor densities |g| −1/4 g ab , with g ab a nondegenerate metric field and g its determinant [1, 30, 31] . The differential form tr(B ∧ B), which in coordinates takes the form
permits to uniquely define a pseudo-Riemannian metriĉ
g ab .
Let us note that the map betweenĝ ab and g ab is not invertible, as the determinant g cannot be expressed as a function ofĝ ab . Hence, we are just usingĝ ab as a notational device, but we must keep in mind that it is a composite object of the gravitational field g ab and B.
From the transformation properties of the Levi-Civita tensor one can check that
indeed transforms as expected, so that the quotient ω/g is a true scalar andĝ ab defined in Eq. (3) a tensor field. The Riemann curvature tensor ofĝ ab is defined as usual. This motivates us to investigate the following background independent action:
The term, 
B. Symmetries
The symmetries of the gravitational and matter sectors of the action are given by Weyl transformations and transverse diffeomorphisms. Weyl transformations are defined as
(note that matter fields are not affected by Weyl transformations), leaving invariantĝ ab and therefore all the terms in the action. On the other hand, transverse diffeomorphisms are defined in a coordinate-free manner exploiting the definition of the divergence of a vector field with respect to the differential form tr(B ∧ B). If L ξ is the Lie derivative along ξ a , a vector field ξ a is transverse if and only if L ξ (B ∧ B) = 0. Transverse diffeomorphisms are defined as those whose generators are transverse, and can be written infinitesimally as
where∇ a is the Levi-Civita connection associated witĥ g ab . The connection∇ a can be also understood as an integrable Weyl connection [32] [33] [34] [35] , as the associated connection coefficients can be written in terms of that of the Levi-Civita connection associated with g ab , Γ 
The equation above implies, in particular, that
This is the usual compatibility condition of an integrable Weyl connection, which illustrates that we have arrived naturally to a particular kind of Weyl geometry. That a Weyl connection appears naturally is another manifestation of the invariance under Weyl transformations (6). Using Eqs. (7) and (8), the relevant (infinitesimal) diffeomorphisms can be alternatively written as
(10) On the other hand, the sector of the action involving the B and F differential forms is invariant under internal gauge transformations, given g ∈ G:
Under these transformations, F → g −1 F g so that the two forms occurring in the action are invariant:
The usual BF theory with action (1) is invariant under the following infinitesimal transformations,
where d A is the covariant derivative associated with the connection A. This symmetry renders the solutions for B in the theory wit action (1) trivial, i.e., gauge-equivalent (locally) to the identically zero solution. However, this symmetry is broken in Eq. (5) due to the couplings with the causal structure of spacetime as well as matter fields. An additional partial symmetry that will be of relevance later is the shift of the matter Lagrangian
This transformation leaves invariant the sector composed of matter fields and the causal spacetime structure, and modifies only the potential term in the action for the differential form B. The existence of this partial symmetry is intertwined with the Weyl symmetry (6): in the absence of the latter, shifting the matter Lagrangian would not be a symmetry of this sector of the action. We will discuss in detail the meaning of this shift transformation in Secs. II C and III B.
C. Semiclassical renormalization group
The renormalization group of the action (5) when the matter fields are quantized (defining a semiclassical theory) can be straightforwardly evaluated using standard results: the combinationĝ ab defined in Eq. (3) is a pseudo-Riemannian metric, so that all the machinery of standard techniques, such as the heat-kernel expansion, can be directly imported. Let us just quote the results that can be obtained using procedures that are thoroughly described in [36] [37] [38] [39] , as explained in [15] .
The semiclassical path integral has external fields g ab , B and A and an integration measure that contains all the matter fields Φ, and can be evaluated using the heatkernel expansion. Specifically, radiative semiclassical corrections affect the coupling constantsΛ and κ in Eq. (5). The corresponding renormalization group equations are given byΛ
where
are constants with the necessary physical dimensions and α a cutoff. The values of these constants depend on the particle content of the matter sector (see, e.g., [37] for explicit expressions). On the other hand, the bare coupling constants are given byΛ 0 and κ 0 . There also appear the usual higher-order corrections [36] which are not of particular relevance for our discussion (these will just lead to higher-derivative corrections to the tracefree gravitational field equations discussed below).
The gravitational constant κ is renormalized as in general relativity (namely, it satisfies the same renormalization group equation). On the other hand, the coupling constantΛ satisfies the same renormalization group equation as the cosmological constant in general relativity. In particular, the usual arguments [40] stating that the typical value of the cosmological constant in general relativity is determined by the right-hand side of the renormalization group equation in Eq. (15) (there is a subtlety regarding the regularization scheme [40] that is nevertheless not important for our purposes), apply in this scenario to the coupling constantΛ. This will be of importance below when studying the role thatΛ plays in the field equations; we can anticipate, however, thatΛ does not play the role of the cosmological constant.
III. SOME PROPERTIES OF THE FIELD EQUATIONS A. Classical field equations
To obtain the field equations it is convenient to write the action (5) in a coordinate basis. For example, one has
On the other hand,
The variation with respect to B ab leads then to 1 4
The metric fieldĝ ab is a nontrivial function of the fields B and g ab . The variation of the action with respect these two fields can be evaluated using the chain rule, considering first variations δĝ ab and expressing these in terms of δB I ab and δg ab . Under a general variation δĝ ab ,
Then, the second term in Eq. (19) is proportional to the trace of the Einstein field equations (with cosmological constant −Λ) evaluated on the composite metricĝ ab :
We have usedĝ ab = (ω/g) −1/4 g ab and
which can be obtained from Eq. (17) . G ab is the usual Einstein tensor, and we follow the standard definition of the Belinfante-Rosenfeld stress-energy tensor of matter fields:
Using the relations above, Eq. (19) can be written as
Variations of the action with respect to A yield simply
Lastly, variations with respect to g ab lead to the tracefree Einstein field equations:
The gravitational field equations are therefore given by
Eqs. (24), (25) and (27) are the field equations of the theory.
B. Comparison with unimodular gravity and general relativity
The field equations describe a generalization of unimodular gravity, with two new equations, (24) and (25) . In this section we explain the implications of this extension, highlighting the similarities and differences with both unimodular gravity and general relativity.
An important property of unimodular gravity that makes it different from general relativity is the invariance of Eq. (27) under the shift
which is nothing but the shift symmetry (14) when expressed in terms of the stress-energy tensor of matter. An additional symmetry of unimodular gravity is
In general relativity, these two transformations are not symmetries of the classical field equations independently, but only their combination with D 0 = −C 0 . This is another way of stating the cosmological constant problem in general relativity: quantum vacuum fluctuations leading to a nonzero C 0 produce spacetime curvatures that are constrained to be proportional to D 0 = −C 0 . However, in unimodular gravity the constants C 0 and D 0 in the symmetry transformations (28) and (29) are unrelated. These two independent symmetries are preserved in the generalization of unimodular gravity that we are considering there. The transformations that extend Eqs. (28) and (29) are given, respectively, by
and
Hence, as in unimodular gravity, zero-point shifts of the spacetime curvature and of the stress-energy tensor of matter can be performed independently, so that there is no link between these physical notions. In general relativity, the stress-energy tensor of matter is identically conserved due to diffeomorphism invariance. We can show that a similar statement is valid for the theory introduced in this paper. First of all, let us note that Eqs. (24) and (25) 
Let us define the exact one-form dS as
so that Eq. (32) is equivalent to
The interpretation of the one-form dS is the following. Taking the divergence with respect to the Levi-Civita connection ofĝ ab in Eq. (27) , and using the Bianchi identities satisfied by the Ricci tensor, it follows that the divergence of the stress-energy tensor is given bŷ
so that a nonzero S would describe the violation of energy conservation [41] [42] [43] . We have to determine whether there are classical solutions for which dS = 0. However, as explained in App. A, solutions with |ω| = 0 necessarily satisfy dS = 0. Therefore, it has to bê
It follows that the gravitational field equations (27) can be written as
where Λ is an integration constant that plays the role of the cosmological constant. These equations are manifestly invariant under Weyl transformations (6) . In general relativity, the cosmological constant is a coupling constant and therefore has a fixed value up to the renormalization group flow. However, Λ in Eq. (37) is an integration constant that does not have a definite value until a given solution is chosen, and that is not affected by radiative corrections that modify insteadΛ, as made explicit in Eq. (15) . Its value is shifted by the transformations (30) and (31) as
It is also worth stressing that Eq. (37) contains no trace of the coupling constantΛ, which in this theory receives the radiative corrections that in general relativity modify the value of the cosmological constant. The form of the field equations can be simplified taking into account that conservation of the stress-energy tensor of matter or, equivalently, Eq. (36), implies that Eq. (24) can be written as
We see that the coupling constantΛ shows up as a constant source to the curvature F of the connection A. Unless the group G is abelian, Eqs. (25) and (39) have to be solved for A and B simultaneously, and then Eq. (37) can be used to determine the gravitational field g ab . Hence, we have two constantsΛ and Λ that act as constant sources of curvature, although for different curvatures (F I ab and R ab , respectively). Let us recall that, as explained in Sec. II C, the quantity that is renormalized due to the fluctuations of the quantum vacuum isΛ. On the other hand, the effective cosmological constant Λ is an independent quantity, the value of which depends on the local properties of matter and the gravitational field (it is an integration constant that is determined by the initial state of these fields). There is no renormalization group for Λ; in other words, it is not renormalized by quantum corrections. The splittingΛ+Λ in Eq. (39) can be seen as corresponding to the quantum and classical parts, respectively, of what in general relativity is understood as the cosmological constant that acts as a source of the curvature R ab . However, here these two parts have different dynamical effects: only Λ acts as a true cosmological constant, sourcing the curvature R ab , while the quantum contributionΛ is funneled to the BF sector of the theory, sourcing only the curvature F I ab . This can be alternatively seen by studying particular solutions, as we do in the following.
C. Vacuum solutions with flat conformal structure Let us first consider the solutions of the field equations for field configurations with no local metric structure. That is, we will consider test matter fields and zero Riemann tensor; a nonzero Riemann tensor can be locally detected by using trajectories of test particles over lengths of the order of the (inverse) associated curvature. One has then
leaving only the field equations of BF theory (1),
Hence, in the absence of local physical excitations the theory still displays nontrivial dynamics that describes additional properties of the manifold that is locally Minkowskian. In semiclassical general relativity this sector of the theory is taken as the one describing the quantum vacuum, void of excitations of the matter fields. However, in general relativity the quantum vacuum energy renormalizes the value of the cosmological constant, and drives the quantum vacuum away from Λ = 0. Due to the similarity with general relativity, we consider in the following that this sector (or truncation) of the theory, the dynamics of which is described by BF theory, provides an effective description of the dynamical properties of the quantum vacuum. A first indication that this definition of the quantum vacuum is reasonable is that, as explained in Sec. II C, quantum vacuum effects renormalize the coupling constantΛ, thus modifying the state of the connection A 
A connection leading to this curvature is for instance
We see that the curvature F ab is of the order of the coupling constantΛ/κ. Hence, this solution is characterized by vanishing metric curvature but nonzero curvature F ab proportional toΛ which, in turn, would be of the order of magnitude determined by quantum vacuum fluctuations (due to the renormalization group equation discussed in Sec. II C). We can consider for instance the topological invariant given by the integral of the Chern-Weil form,
where we have defined Vol(M ) = M tr(B ∧ B). Equivalently, we can write
We see that the value of this invariant is determined by the fluctuations of the quantum vacuum through the first relation in Eq. (15) . As discussed in detail in [40] , one has for the particle spectrum of the Standard Model that Λ ∼ 10 8 GeV 4 .
D. Perturbations of the quantum vacuum
The next step we want to describe is the introduction of local metric structures that are perturbations of the sector of solutions described just above. The introduction of local metric structures induces generally a nonzero cosmological constant Λ. We can exploit the existence of invariants such as Eq. (46) in order to provide a definition of what 'perturbative' means when Λ = 0. Using Eq. (39) we can write in general
Perturbative deviations are characterized by
In particular, Eq. (46) must be modified only perturbatively. This implies thatΛ plays the role of the scale to be perturbed (which is reasonable as it is the only dimensional constant that plays a role in the description of the vacuum). We can read from Eq. (47) that perturbative deviations from the vacuum must therefore satisfy Λ ≪Λ.
We can therefore define a special subset of classical solutions, in the following way: a given solution of the field equations with Λ = 0 is a perturbation of the vacuum with Λ = 0 if and only if the effective cosmological constant Λ is small with respect to the scaleΛ. While the typical value ofΛ is determined by the fluctuations of the quantum vacuum, in order to fix the value of the integration constant Λ we have to resort to observations. The observational value satisfies [40] 
It follows that, in this framework, the current state of the universe would indeed be given by one of these solutions satisfying Eq. (49) . We can reverse this argument, thus concluding that Eq. (50) is just a manifestation of the fact that the universe is extremely close to the vacuum solution described in Sec. III C, representing the quantum vacuum. The mismatch between these two scales finds then this natural interpretation in the framework being described. These considerations are remarkably similar to Volovik's proposal to understand the value of the cosmological constant as arising from a small displacement with respect to (or perturbative deviation from) the equilibrium state of the universe [44] [45] [46] [47] [48] [49] . In fact, the present formalism could be understood as an explicit realization of these ideas. Regarding previous work, it is worth stressing that the present formalism is different from scenarios in which the cosmological constant is a dynamical variable (e.g., [50] ) and also from the sequestering mechanism introduced in [51, 52] (see also [53] ). The sequestering mechanism is more restrictive regarding the value of the cosmological constant, as it fixes the latter in terms of a cosmological average even in the classical theory (the introduction of this global constraint is at the core of this mechanism). We can discriminate between two elements (or two cosmological problems): (i) radiative stability of the cosmological constant (this is guaranteed in both our case and sequestering) and (ii) fixing a particular value of the cosmological constant. In our case, the classical theory does not fix the value of the cosmological constant, although there are hints that unimodular gravity should lead to similar cosmological averages as the sequestering mechanism when the quantization of the gravitational field is carried out [11] . Due to its relation to unimodular gravity, it would be certainly interesting to study this aspect in the theory introduced here. This is, however, out of the scope of this work.
Another difference with respect to the sequestering mechanism arises when considering the effect of phase transitions. We have stressed above that, in the framework discussed in this paper, the cosmological constant is a radiatively stable (and in fact, invariant) parameter that must be fixed by matching with observations, similarly to other fundamental constants such as the electron charge. The present-day value of the cosmological constant leads to Eq. (50) which, in our framework, is naturally interpreted as the current state of the universe representing a perturbative deviation with respect to the quantum vacuum. However, cosmological phase transitions do affect the value of the cosmological constant in this scenario, and therefore may drive the universe out of this near-equilibrium when going backwards in time. From the discussion in [40] for instance, it is straightforward to check that the cosmological QCD transition preserves the near-equilibrium condition but the electroweak phase transition does not. Hence, in this theory the state of the universe before the latter phase transition cannot correspond to a perturbative deviation with respect to the vacuum. Let us stress that, as already emphasized by Weinberg [54] , there is no contradiction at all between known astrophysical observations and a cosmological constant that grows in the past due to phase transitions.
IV. CONCLUSIONS
Using the well-known BF theory, we have extended unimodular gravity to a background independent theory that displays a number of interesting properties. Our main conclusions are: (1) it is possible to construct background independent theories with dynamical volume forms that still display the main properties of the tracefree Einstein field equations, (2) this entails using and merging together tools of topological field theory and Weyl geometry, and (3) the new features beyond unimodular gravity offer a natural interpretation of the smallness of the observed cosmological constant when compared to the would-be contribution of the quantum vacuum (although not a prediction of its value). For future work it would be interesting to study the cosmological and astrophysical implications of this theory, and also whether it may be possible to naturally get a dark sector in this framework.
